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Problem 4.71

In molecular and solid-state applications, one often uses a basis of orbitals aligned with the
cartesian axes rather than the basis 1,,, used throughout this chapter. For example, the orbitals

1 T _r/2q
¢2px(r,9,¢):\/ﬁge /2

Ly
r,0,¢) = Zemr/2a
Va0 = i a

1 2 _r/2a
¢2pz(7’79,¢):\/ﬁ56 /2

are a basis for the hydrogen states with n = 2 and ¢ = 1.

(a) Show that each of these orbitals can be written as a linear combination of the orbitals ©;,e,
withn=2¢=1,and m=—-1,0,1.

(b) Show that the states 1)), are eigenstates of the corresponding component of angular
momentum: L;. What is the eigenvalue in each case.

(c) Make contour plots (as in Figure 4.9) for the three orbitals. In Mathematica use
ContourPlot3D.

Solution

Part (a)

Recall that the spatial wave functions of hydrogen are products of a radial wave function and a
spherical harmonic function: e (r, 8, ¢) = Rye(r)Y;™ (0, ¢). The necessary radial functions and
spherical harmonics are listed on page 151 and page 137, respectively. Start by showing that 1o,
is a linear combination of ¥, with n =2, £/ =1, and m = —1,0, 1.

1 T
Ze /20 = Cyapoy_1 + Cothorg + Cathorn

Vap. = V32mad a

= C1Ro1 Y ' + CoRo1 Y + C3Ro1 V!

= Ry (Clyl_l + CQYlo + Cngl)

/3 - /3 /3 .
Ci1/ —sinb e i 4 Co4/ —cosf — C34/ —sinf e'?
81 4r 8w
1

= ze*’”/@“) (\C/li sin@ e + Cy cos b — g sin 0 ew)

V32ra3 a V2

Need this to be sin 6 cos ¢
since = rsin 6 cos ¢

_ 2\1/6(3/2 (2) or/(2a)
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Choosing C; =1/ V2, Cy =0, and C5 = —1 / V2 gives the correct result.

1 T 1 X 1 )
Yop, = —e "/ (2a) ( sinfe™ + Zsind e“ﬁ)
i V32mad a 2 2
1 T Sin9 —7‘/(2(1) <€Z¢ + 6“15)
= e -
V32mad a 2
1 rsin @ 71”/(2(1)
= e cos
V32mad @ (cos ¢)
_ 1 T e
V32mad a
Therefore,
" <1>¢ (0 +< 1>w
2 NG 211 210 /2 211-
Show now that v, is a linear combination of ¥y, with n =2, £ =1, and m = —1,0, 1.
Yop, = ! Yemr/a) — Ci1v21-1 + CaP210 + C31ha11
V3271a3 a

= ClelYl_l + CQR21Y10 + CngYll
= Ry (Clylil + CQYlo + Cngl)

I3 . / / .
Cir] —sinfe ™ + Cy 3 cosl — Cs 3 sin 0 e“b]
8 47 8

LY (E)erreo

21/6 a
1 . .
= \/ﬁge_r/@“) (\C/% sinfe ™ 4+ Cycosf — \C/% sin 6 eld’)
Ta

Need this to be sin 0 sin ¢
since y = rsin @ sin ¢

Choosing C1 = —1/(v/2i), Co = 0, and C3 = —1/(+/2i) gives the correct result.

b eny (_L s gie L g ie
= 5 3a6 2@'811106 +ZSII]96
Vo = o

1 rsinf _ el — o0
— PRACON I,
V32mad a 21

1 rsin€ _, 9., .
= Vs ©nd)

1 Yy —r/(2a)
—e
V 327 a3 a

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.71 Page 3 of 9

Therefore,
i, = (=5 ) oo + O+ (5 ) v
2py = NG 21—1 210 NG 211-
Show now that v, is a linear combination of 1,¢, with n =2, £ =1, and m = —1,0, 1.
Yoy, = ! Zer/2a) = Crpa1-1 + C2tba10 + C3Pan1
P V32rada

= C1Ro1 Y[ ' + CaRo1 Y + C3Ry1 V!

= Ry (C1Y1_1 + Czylo + C3Y11)

C’M/isirﬂe_w + Cay/ icos@ — O34/ 3sin06i¢]
8 4 8

1 r C . C )
— Lo—r/(20) [ XL s —ig i i}
= T ae <\/§SID96 4+ Ccosf ﬂsmee )

Need this to be cos
since z = r cos 0

_ La—3/2 (2) o—r/(20)

Choosing C7 =0, Cy = 1, and C3 = 0 gives the correct result.

1
f6_7’/(2“)(005 0)

Vop. = V32mad a

1 2% /()
V32mal a

Therefore,

Pop, = (0)21-1 + (1)h210 + (0)1)211.
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Part (b)

Let the angular momentum operators act on the corresponding wave functions aligned with the
Cartesian axes. Use Equation 4.127 on page 163 to expand L,.

Loy, = —ih <— sinqﬁa8 — cos¢cotf ¢> Yap,

=ih (sind) 4 + cos ¢ cot 98(;5) (\2¢21—1 - \21%11)

B \/hi (swaae + cos¢cot"aa¢> [Bo1(r)Y;1 (6, 6) = Rar (r) Y11 (6, )]

ﬂRgl( ) <sm¢) +cosgbcot0> ( —sm@e @ 4 sm@e“i’)
NG \/ 1/

= ihRa1(7)4/ 16% <Sin (;5889 + cos ¢ cot 0(;1) sinf (e~ + €'9)

= ihR 5 t 6 9 ) 0(2

= ihRo1(r)\/ - — T6m <sm¢> + cos ¢ co &b) sin 6 (2 cos ¢)

= ihR21(r) 3 sin (;Sg(sinﬂcos ¢) + cos ¢ cot HE(sinecos ®)

— Y g 90 99

= ihRa1(r)y/ % [sin ¢(cos 6 cos ¢) + cos ¢ cot O(— sin O sin ¢)]

= ihRa1(r)4/ 43 (sin ¢ cos B cos ¢ — sin ¢ cos 6 cos ¢)
T
=0

= (O)¢2pz

Consequently, 19, is an eigenfunction of L, with eigenvalue 0.
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Use Equation 4.128 on page 163 to expand L, .

Lypop, = —ih <+ cos ¢a — sin ¢ cot 08¢> Yap,

= —ih <cos ¢§ — sin ¢ cot Haad)) ( Z\[dm 1— \[%11)

= o <COS¢§0 sin ¢ cot 0 —

V2 : ) [Ror(r)Y171(0,6) + Ron (r)Y1! (6, 0)]

99

= hRy1(r)4/ 16% (cos qbaa — sin ¢ cot 9&;5) sin 6 (€—i<¢> — ei‘f’)
= hRo1(r)\/ ——= T6n ( qu— sin ¢ co 0¢> sin @ (—2isin ¢)

= —ihRy1(r)y/ 43 [COS qbaae (sin @ sin ¢) — sin ¢ cot 988¢ (sin @ sin ¢)
= —ihRy(r)y/ % [cos ¢(cos O sin ¢) — sin ¢ cot O(sin O cos ¢)]

= —ihRy1(r)y/ 43 (cos ¢ cos B sin ¢ — cos ¢ cos 0 sin @)
7r
=0

= (0)77/)2;@

Consequently, s, is an eigenfunction of L, with eigenvalue 0.

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.71 Page 6 of 9

Use Equation 4.129 on page 163 to expand L.

L0
Lz¢2pz - _Zh%w%)z

0
= —Zh%%lo

_ _m;; [Ror (r)Y(0, )]

= —z‘hRgl(r)aZ) (\/gcos 9)

= —ihRgl (7’) (0)
=0

= (O)prz

Consequently, 12, is an eigenfunction of L, with eigenvalue 0.
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Part (c)

Below are contour and density plots of |12, |?. Note that a = ag ~ 5.29 x 107! m is the Bohr
radius.

|¢2Px|2 |¢2Px|2

Y 2.x10710
0

o 8.94x 10?7
B 1.79x10%8
B 2.68x10%8

5.x10710
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Below are contour and density plots of |w2py|2. Note that a = ag ~ 5.29 x 10~ m is the Bohr
radius.

2.x10710

o 8.94x10%
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Below are contour and density plots of |1, |2. Note that a = ag ~ 5.29 x 10~ m is the Bohr
radius.
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