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Problem 4.71

In molecular and solid-state applications, one often uses a basis of orbitals aligned with the
cartesian axes rather than the basis ψnℓm used throughout this chapter. For example, the orbitals

ψ2px(r, θ, ϕ) =
1√

32πa3
x

a
e−r/2a

ψ2py(r, θ, ϕ) =
1√

32πa3
y

a
e−r/2a

ψ2pz(r, θ, ϕ) =
1√

32πa3
z

a
e−r/2a

are a basis for the hydrogen states with n = 2 and ℓ = 1.

(a) Show that each of these orbitals can be written as a linear combination of the orbitals ψnℓm

with n = 2, ℓ = 1, and m = −1, 0, 1.

(b) Show that the states ψ2pi are eigenstates of the corresponding component of angular
momentum: L̂i. What is the eigenvalue in each case.

(c) Make contour plots (as in Figure 4.9) for the three orbitals. In Mathematica use
ContourPlot3D.

Solution

Part (a)

Recall that the spatial wave functions of hydrogen are products of a radial wave function and a
spherical harmonic function: ψnℓm(r, θ, ϕ) = Rnℓ(r)Y

m
ℓ (θ, ϕ). The necessary radial functions and

spherical harmonics are listed on page 151 and page 137, respectively. Start by showing that ψ2px

is a linear combination of ψnℓm with n = 2, ℓ = 1, and m = −1, 0, 1.

ψ2px =
1√

32πa3
x

a
e−r/(2a) = C1ψ21−1 + C2ψ210 + C3ψ211

= C1R21Y
−1
1 + C2R21Y

0
1 + C3R21Y

1
1

= R21(C1Y
−1
1 + C2Y

0
1 + C3Y

1
1 )

=
1

2
√
6
a−3/2

(r
a

)
e−r/(2a)

[
C1

√
3

8π
sin θ e−iϕ + C2

√
3

4π
cos θ − C3

√
3

8π
sin θ eiϕ

]

=
1√

32πa3
r

a
e−r/(2a)

(
C1√
2
sin θ e−iϕ + C2 cos θ −

C3√
2
sin θ eiϕ

)
︸ ︷︷ ︸

Need this to be sin θ cosϕ
since x = r sin θ cosϕ
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Choosing C1 = 1/
√
2, C2 = 0, and C3 = −1/

√
2 gives the correct result.

ψ2px =
1√

32πa3
r

a
e−r/(2a)

(
1

2
sin θ e−iϕ +

1

2
sin θ eiϕ

)

=
1√

32πa3
r sin θ

a
e−r/(2a)

(
e−iϕ + eiϕ

2

)

=
1√

32πa3
r sin θ

a
e−r/(2a)(cosϕ)

=
1√

32πa3
x

a
e−r/(2a)

Therefore,

ψ2px =

(
1√
2

)
ψ21−1 + (0)ψ210 +

(
− 1√

2

)
ψ211.

Show now that ψ2py is a linear combination of ψnℓm with n = 2, ℓ = 1, and m = −1, 0, 1.

ψ2py =
1√

32πa3
y

a
e−r/(2a) = C1ψ21−1 + C2ψ210 + C3ψ211

= C1R21Y
−1
1 + C2R21Y

0
1 + C3R21Y

1
1

= R21(C1Y
−1
1 + C2Y

0
1 + C3Y

1
1 )

=
1

2
√
6
a−3/2

(r
a

)
e−r/(2a)

[
C1

√
3

8π
sin θ e−iϕ + C2

√
3

4π
cos θ − C3

√
3

8π
sin θ eiϕ

]

=
1√

32πa3
r

a
e−r/(2a)

(
C1√
2
sin θ e−iϕ + C2 cos θ −

C3√
2
sin θ eiϕ

)
︸ ︷︷ ︸

Need this to be sin θ sinϕ
since y = r sin θ sinϕ

Choosing C1 = −1/(
√
2i), C2 = 0, and C3 = −1/(

√
2i) gives the correct result.

ψ2py =
1√

32πa3
r

a
e−r/(2a)

(
− 1

2i
sin θ e−iϕ +

1

2i
sin θ eiϕ

)

=
1√

32πa3
r sin θ

a
e−r/(2a)

(
eiϕ − e−iϕ

2i

)

=
1√

32πa3
r sin θ

a
e−r/(2a)(sinϕ)

=
1√

32πa3
y

a
e−r/(2a)

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.71 Page 3 of 9

Therefore,

ψ2py =

(
− 1

i
√
2

)
ψ21−1 + (0)ψ210 +

(
− 1

i
√
2

)
ψ211.

Show now that ψ2pz is a linear combination of ψnℓm with n = 2, ℓ = 1, and m = −1, 0, 1.

ψ2pz =
1√

32πa3
z

a
e−r/(2a) = C1ψ21−1 + C2ψ210 + C3ψ211

= C1R21Y
−1
1 + C2R21Y

0
1 + C3R21Y

1
1

= R21(C1Y
−1
1 + C2Y

0
1 + C3Y

1
1 )

=
1

2
√
6
a−3/2

(r
a

)
e−r/(2a)

[
C1

√
3

8π
sin θ e−iϕ + C2

√
3

4π
cos θ − C3

√
3

8π
sin θ eiϕ

]

=
1√

32πa3
r

a
e−r/(2a)

(
C1√
2
sin θ e−iϕ + C2 cos θ −

C3√
2
sin θ eiϕ

)
︸ ︷︷ ︸

Need this to be cos θ
since z = r cos θ

Choosing C1 = 0, C2 = 1, and C3 = 0 gives the correct result.

ψ2pz =
1√

32πa3
r

a
e−r/(2a)(cos θ)

=
1√

32πa3
z

a
e−r/(2a)

Therefore,

ψ2pz = (0)ψ21−1 + (1)ψ210 + (0)ψ211.
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Part (b)

Let the angular momentum operators act on the corresponding wave functions aligned with the
Cartesian axes. Use Equation 4.127 on page 163 to expand Lx.

Lxψ2px = −iℏ
(
− sinϕ

∂

∂θ
− cosϕ cot θ

∂

∂ϕ

)
ψ2px

= iℏ
(
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

)(
1√
2
ψ21−1 −

1√
2
ψ211

)

=
iℏ√
2

(
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

)
[R21(r)Y

−1
1 (θ, ϕ)−R21(r)Y

1
1 (θ, ϕ)]

=
iℏ√
2
R21(r)

(
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

)(√
3

8π
sin θ e−iϕ +

√
3

8π
sin θ eiϕ

)

= iℏR21(r)

√
3

16π

(
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

)
sin θ (e−iϕ + eiϕ)

= iℏR21(r)

√
3

16π

(
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

)
sin θ (2 cosϕ)

= iℏR21(r)

√
3

4π

[
sinϕ

∂

∂θ
(sin θ cosϕ) + cosϕ cot θ

∂

∂ϕ
(sin θ cosϕ)

]

= iℏR21(r)

√
3

4π
[sinϕ(cos θ cosϕ) + cosϕ cot θ(− sin θ sinϕ)]

= iℏR21(r)

√
3

4π
(sinϕ cos θ cosϕ− sinϕ cos θ cosϕ)

= 0

= (0)ψ2px

Consequently, ψ2px is an eigenfunction of Lx with eigenvalue 0.
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Use Equation 4.128 on page 163 to expand Ly.

Lyψ2py = −iℏ
(
+cosϕ

∂

∂θ
− sinϕ cot θ

∂

∂ϕ

)
ψ2py

= −iℏ
(
cosϕ

∂

∂θ
− sinϕ cot θ

∂

∂ϕ

)(
− 1

i
√
2
ψ21−1 −

1

i
√
2
ψ211

)

=
ℏ√
2

(
cosϕ

∂

∂θ
− sinϕ cot θ

∂

∂ϕ

)
[R21(r)Y

−1
1 (θ, ϕ) +R21(r)Y

1
1 (θ, ϕ)]

=
ℏ√
2
R21(r)

(
cosϕ

∂

∂θ
− sinϕ cot θ

∂

∂ϕ

)(√
3

8π
sin θ e−iϕ −

√
3

8π
sin θ eiϕ

)

= ℏR21(r)

√
3

16π

(
cosϕ

∂

∂θ
− sinϕ cot θ

∂

∂ϕ

)
sin θ (e−iϕ − eiϕ)

= ℏR21(r)

√
3

16π

(
cosϕ

∂

∂θ
− sinϕ cot θ

∂

∂ϕ

)
sin θ (−2i sinϕ)

= −iℏR21(r)

√
3

4π

[
cosϕ

∂

∂θ
(sin θ sinϕ)− sinϕ cot θ

∂

∂ϕ
(sin θ sinϕ)

]

= −iℏR21(r)

√
3

4π
[cosϕ(cos θ sinϕ)− sinϕ cot θ(sin θ cosϕ)]

= −iℏR21(r)

√
3

4π
(cosϕ cos θ sinϕ− cosϕ cos θ sinϕ)

= 0

= (0)ψ2py

Consequently, ψ2py is an eigenfunction of Ly with eigenvalue 0.
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Use Equation 4.129 on page 163 to expand Lz.

Lzψ2pz = −iℏ ∂

∂ϕ
ψ2pz

= −iℏ ∂

∂ϕ
ψ210

= −iℏ ∂

∂ϕ
[R21(r)Y

0
1 (θ, ϕ)]

= −iℏR21(r)
∂

∂ϕ

(√
3

4π
cos θ

)

= −iℏR21(r)(0)

= 0

= (0)ψ2pz

Consequently, ψ2pz is an eigenfunction of Lz with eigenvalue 0.
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Part (c)

Below are contour and density plots of |ψ2px |2. Note that a = a0 ≈ 5.29× 10−11 m is the Bohr
radius.
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Below are contour and density plots of |ψ2py |2. Note that a = a0 ≈ 5.29× 10−11 m is the Bohr
radius.
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Below are contour and density plots of |ψ2pz |2. Note that a = a0 ≈ 5.29× 10−11 m is the Bohr
radius.
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